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Abstract

Charles Sanders Peirce is one of the most important and influential American philosophers. This paper intends to develop a general - though brief - sketch of what Peirce's pragmatism is in order to support our thesis about the importance of Peircean writings for education in general and for mathematics education in particular. We intend to illustrate this importance from two distinct - but complimentary - perspectives. We claim - and this is the first perspective - that pragmatism is a fruitful philosophical doctrine to be implemented as a theoretical foundation for research concerned with cognition and other elements related to the teaching and learning of mathematics. The second perspective indicates the importance of Peirce's mathematical works in two aspects: (1) as a source of research on the history of mathematics, and (2) as a source to understand Peirce's conception about mathematics teaching and learning processes, an issue related to the history of mathematics education. In order to support our second perspective, Peirce's Primary Arithmetic and correlated manuscripts are briefly analyzed.
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Peircean pragmatism

At the turn of 20th century, Peirce was encouraged to accept invitations to present his philosophical approach called Pragmatism (or Pragmaticism, in order to establish a distinction between Willian James´ and Peirce´s approach) in some lectures. These lectures and papers published at that time crystallized a philosophical doctrine which began to be developed in the mid-nineteenth century. Nowadays there are many interpretations about what pragmatism is – we can talk, for instance, about a Jamesian pragmatism, a Deweyan pragmatism and the post-Quinean pragmatism (Murphy, 1990) – and these distinct perspectives are not necessarily rooted in Peircean pragmatism.. The initial conception of Peirce's theory was formulated during the conversations in the Metaphysical Club1 at Harvard, in the early 1870s. Peircean pragmatism has an essential and close tie with Alexander Bain's definition of belief. In describing the Metaphysical Club and its members, Peirce states:

"/…/ In particular, he [Nicholas St. John Green] often urged the importance of applying Bain's definition of belief, as 'that upon which a man is prepared to act'. From this definition, pragmatism is scarce more than a corollary; so that I am disposed to think of him as the grandfather of pragmatism." (PW2, p. 270)
The central focuses of Peircean pragmatism (or "pragmaticism" as renamed by Peirce in a 1905 essay3) are clearly stated in two of his most known writings: The fixation of belief (1877) and How to make our ideas clear (1878). In these studies, the main idea is that of doubt, the so-called "genuine doubt", distinguishing this form of skepticism from the methodological form used by Descartes4.

"The difficulty in doing this [to state Pragmatism underlying presuppositions] is that no formal list of them has ever been made. They might all be included under the vague maxim 'Desmiss make-believes'. Philosophers of very different stripes propose that philosophy shall take its start from one or another state of mind which no man, least of all a beginner in philosophy, actually is. One proposes that you shall begin by doubting everything, and says that there is only one thing that you cannot doubt, as if doubting were 'as easy as living' " (CP5, p. 278)

In taking genuine doubt as a natural - but unpleasant - phenomenon to man, it is necessary to look for beliefs which will calm the ill-state imposed by doubt and, in doing so, create a habit. Truth and Falsehood can be redefined in terms of belief and doubt:

"Your problem would be greatly simplified if, instead of saying that you want to know the 'Truth', you were simply to say that you want to attain a state of belief unassailable by doubt. Belief is not a momentary mode of consciousness, it is a habit of mind essentially enduring for some time, and /…/ like other habits, it is (until it meets with some surprise that begins it dissolution) perfectly self-satisfied. Doubt is an altogether contrary genus. It is not a habit, but the privation of a habit" (CP5, p. 279)

This way, truth is always truth-in-progress. There is no such thing as absolute truth or an eternal pleasant state of mind, for whenever the world does not make sense, doubt again appears asking man to create or alter his beliefs, defying him to move himself to another state of belief. Peirce labeled this endless process "the fixation of belief" and proposed four methods (tenacity, authority, a-priori and experiment) by means of which man can reach the temporary state of well-being given by beliefs:

"Briefly tenacity is invoked whenever one holds onto beliefs in the face of doubt in order to preserve a self identity or a world view with which one is comfortable. The specter of a dogmatist is of course raised, but on the positive side, no competing set of beliefs is ever without its own doubtful features so the choice of beliefs will always invoke a matter of commitment. Authority can fix beliefs when we accept the beliefs of leaders or communities with whom we want to identify. The a-priori method is invoked when our beliefs change in the context of already existing structure of beliefs, such as philosophical, scientific or cultural preferences or ideals. The fourth method, which Peirce prefers, is the method of the experiment, where one seeks to remove doubt by collecting more and more observations, generating potential hypothesis to account for the surprising experience, and reaching a conclusion based upon an inferential process." (Cunningham, 1998, p.5)

As human beings living in a world of chances and changes, our habits - in which our truths are rooted and which provide us with rules to act5 - are often challenged and checked. The more these truths remain as secure references, the greater is our self-control or, so to speak, gradually our self-censure turns into self-control, for enduring habit has the power to crystallize our beliefs. This idea is central to understand the Peircean concept of abductive inference: self control is a result of enduring habits which are defied by frequent challenging situations. Then, the contact with the world allows us to "guess correctly" or, in other words, allows us to live the truth that the habit helped us to build. As we will see further on, the process of making-sense is an exercise - an "in the future" exercise - to take place when our self-control is more polished. The making-sense process and habits are elements obviously related to each other, and both are always under endless construction.

In short, beliefs have three essential properties according to Peirce's theoretical approach: we are aware of them; they calm the irritation caused by doubt and establish in our nature a rule of action (habit). From these three properties, Murphy (1990) clearly derives all the fundamental principles of Peirce's pragmatism presenting them from a logical point of view which also characterizes Peirce's approach6:

"1. Beliefs are identical if and only if they give rise to the same habit of action [this principle goes back to Bain];

2. Beliefs give rise to the same habit of action if and only if they appease the same doubt by producing the same rule of action;

3. The meaning of a thought is the belief it produces;

4. Beliefs produce the same rule of action if they lead us to act in the same sensible situations;

5. Beliefs produce the same rule of action only if they lead us to the same sensible results;

6. There is no distinction of meaning so fine as to consist in anything but a possible difference in what is tangible and conceivably practical;

7. Our idea of anything is our idea of its sensible effects;

8. [The pragmatic maxim] Consider what effects, that might conceivably have practical bearings, we conceive the object of our conception to have. Then our conception of these effects is the whole of our conception of the object;


8.a7. Ask what are our criteria for calling a thing P. Then our conception of those criteria is the whole of our conception of P-ness (P-ity, P-hood,…)

9. A true belief is one which is fated to be ultimately agreed to by all who investigate scientifically;

10. Any object represented in a true belief is real." (pp. 25-31)

In their preface to CP5, Hartshorne & Weiss state clearly and briefly the purposes of pragmatism:

"…Pragmatism was not a theory which special circumstances had led its authors to entertain. It had been designed and constructed, to use the expression of Kant, architectonically. Just as a civil engineer, before erecting a bridge, a ship or a house, will think of the different properties of the materials, and will use no iron, stone or cement that has not been subjected to tests; and will put them together in ways minutely considered. /…/ But first, what is its purpose? What is it to be expected to accomplish? It is expected to bring to an end those prolonged disputes of philosophers which no observations of facts could settle, and yet in which each side claims to prove that the other side is wrong. Pragmatism maintains that in those cases the disputants must be at cross-purposes. They either attach different meanings to words, or else one side or the other (or both) uses a word without any definite meaning. What is wanted, therefore, is a method for ascertaining the real meaning of any concept, doctrine, proposition, word, or other sign. The object of a sign is one thing or occasion, however indefinite, to which it is to be applied. Its meaning is the idea which it attaches to an object, whether by way of mere supposition, or as a command, or as an assertion." (pp. 3-4, the emphasis with underlining is ours)

Although Peirce's sign theory is not strictly necessary to his pragmatism, which can be taken as a logical rule related to the conceptions of inquiry and inference, much of the richness of Peirce's thought, his creative and largely independent construction of pragmatism as a general philosophic frame of reference, would otherwise be lost (Cooper, 1967). We should also recognize that Peirce's theories are often thought to be related to semiotics due to the role signs play in his writings, and that is surely correct. But, in order to establish a relationship between these two topics, we must first understand what semiotics is to further understand how semiotics is related to logic. Also, in order to understand how Peirce built his theory of signs, we must realize what signs are. This way we'll be building a bridge which explains why "We think only in signs" (EP2, p. 10) - a well known principle of Peirce's - and how to figure out mathematics signs through Peirce's "method for ascertaining the real meaning of any concept, doctrine, proposition, word, or other sign".

In a broad sense, logic is semiotics. And we can detect three parts of this broad-sense conception: a "philosophical grammar" (or "speculative grammar", "universal grammar"); logic (usually conceived of as being logic, or a "narrow sense" of it) and "philosophical rhetoric". Peirce calls this triad "philosophical trivium"8 :

"/…/ In this very broad sense, logic is identified with his general theory of representation (theory of signs), for which Peirce's usual technical term is 'semiotic'. Logic in what he called 'the narrow sense' - though it is hardly narrow in comparision with the currently reigning conceptions of logic - includes everything we customarily place under that heading /…/. Peirce regarded this as the second major part of semiotic (logic in the broad sense) and sometimes referred to it as 'critical logic'. He called the third major part of semiotic 'philosophical rhetoric' ('speculative rhetoric', 'universal rhetoric', 'methodeutic') which can be conceived variously as a general methodology of inquiry /…/" (Ransdell, 1989, p. 19. See also Peirce, EP2, pp.11-26)

As already pointed out by Wiener, Peirce's pragmatism can be labeled as a logical one for he always conceived of his real vocation as being of a logician and was convinced 

"that the proper establishment of logics would be on the basis of the conception of representation, in contrast with the increasing tendency in his time to construe logic as psychologic based (as when it is said, for example, that the laws of logic are laws of thought). /…/ insofar as the logician is concerned with thought, it is always insofar as it is available as manifest in symbolic representation" (Ransdell, 1989, p. 10).

Sign or representation is what conveys to a mind an idea about a thing. Or in Peirce's words: "A sign is a thing which serves to convey knowledge of some other thing, which it is said to stand for or represent. This thing is called the object of the sign; the idea in the mind that the sign excites, which is a mental sign of the same object, is called an interpretant of the sign" (Peirce, EP2, p. 13). Briefly, this statement indicates the key to a categorization of signs or the so-called three trichotomies9 of signs, for we must consider (a) sign itself, its nature; (b) its relation to the object it represents and (c) its relation to the effects it produces. This categorization of signs or these aspects of signs are presented in several of Peirce's writings and are more and more sophisticated in each re-written version or new essay. The presentation of those trichotomies in "Nomenclature and Division of Triadic Relations" - a section of a 1903 "Syllabus of Certain Topics of Logic"(EP2, pp. 289-299) - is where the complete three semiotic trichotomy is introduced for the very first time. According to the Peirce Edition Project's editors, this essay reveals an important point of development of Peirce's semiotic theory. The classification of signs - and the famous ten-fold then presented10 - is the same one that is used by semioticians nowadays:

"Signs are divisible by three trichotomies: first, according as the sign in itself is a mere quality, is an actual existent, or is a general law; secondly, according as the relation of the sign to its Object consists in the sign's having some character in itself, or in some existential relation to that Object, or in its relation to an Interpretant; thirdly, according as its Interpretant represents it as a sign of possibility, or as a sign of fact, or a sign of reason. According to the first division, a Sign may be termed a Qualisign, a Sinsign, or a Legisign. /…/ According to the second trichotomy, a Sign may be termed an Icon, an Index, or a Symbol11. /…/ According to the third trichotomy, a Sign may be termed a Rheme, a Dicisign or Dicent Sign (that is, a proposition or quase-proposition), or an Argument." (Peirce, EP2, pp. 291-2)

Although a long trajectory would be necessary to deeply understand Peirce's semiotics, our brief remarks take into account some central ideas in a quasi-linear trajectory which intend to facilitate a first approach. Some elements pointed out up to now indicate that in Peirce's point of view, the "art of reasoning is the art of marshalling signs", which emphasizes the relationship between logic and semiotics as already pointed here. Anyway, "thought is the chief, if not the only, mode of representation" and reasoning, being an interpretation of signs, includes both the processes of belief changes and the expression of thoughts in language. Resolution of doubt and fixation of beliefs are central elements of pragmatism. We move from doubt to belief by a sense-making act called "inference" which obviously lies at the core of the cognitive process. Peirce recognizes three interdependent modes of inference.

"These three kinds of reasoning are Abduction, Induction, and Deduction. Deduction is the only necessary reasoning. It is the reasoning of mathematics. It starts from a hypothesis, the truth or falsity of which has nothing to do with the reasoning; and of course its conclusions are equally ideal. /…/ Induction is the experimental testing of a theory. The justification of it is that, although the conclusion at any stage of the investigation may be more or less erroneous, yet the further application of the same method must correct the error. /…/ [Induction] never can originate  any idea whatever. No more can deduction. All ideas of science come to it by the way of abduction. Abduction consists in studying the facts and devising a theory to explain them. Its only justification is that if we are ever to understand things at all, it must be in that way." (CP5, p.90)

Living in the Information Age - already called the Age of Uncertainty - and facing the need of new methodological purposes to understand the world - which Abraham Moles (1995) called "Science of the Vague" - we claim that abduction can be seen as fruitful thinking to be developed in education and, specially, in mathematics education. The fruitfulness of this kind of reasoning increases while its security (or approach to certainty) minimizes. Deduction, according to Peirce, depends on our confidence in our ability to analyze the meaning of the signs in our thinking or by which we think, while induction depends upon our confidence that a run of one sort of experience will not be changed or cease without some indication before it ceases. Abduction (or Retroduction or Hypothetic Inference) depends on our chances of, sooner or later, guessing at the conditions under which a given kind of phenomenon will present itself (CP8, p. 248).

Deduction can be presented in a classic form of silogism as Peirce himself did in 1878. There are also other ways of picturing abductive inference as shown in Josephon & Josephson (1996)12. What Sebeok (1983) calls Peirce's famous beanbag is now presented:

"Deduction

Rule: All the beans from this bag are white

Case: These beans are from this bag

Result: These beans are white

Induction

Case: These beans are from this bag

Result: These beans are white

Rule: All the beans from this bag are white

Abduction

Rule: All the beans from this bag are white

Result: These beans are white

Case: These beans are from this bag" (CP2, 374)

These three figures are irreducible. Abduction and Induction are not logically self-contained as deduction is, and, this way, they need to be externally validated. But there is not just one kind of abduction. Shank & Cunningham (1996) and Cunningham (1998) - in comparing and juxtaposing Peirce's triadic model of inference with his ten classes of signs - derived ten modes of inferences: six of abduction, three of induction and, finally, the deductive mode. According to the authors the study of these modes of inference offer the opportunity to researchers and theorists to take a fresh look at the role of reasoning in learning and instruction. But to elucidate this derivation and to understand the special terms, which arise in this exercise, is beyond the purposes of this paper. 

Peirce, paradigms, science, cognition and possibilities: hunches and clues

This brief approach to Peircean pragmatism seems to be adequate as an initial sketch of a philosophy we believe to be extremely fruitful to mathematics education. Some connections seem to be easily established.

Science, as part of human efforts to understand and apprehend reality, lives under paradigms. There are a number of ways to approach scientific paradigms. We have chosen to confront what we call the "classic" paradigm with another we call the "emergent" or "holistic" paradigm (Garnica, 1996). In this context, it seems necessary to characterize the context of the origin of the spheres of human knowledge that came forth with the proposal to break with the resistant attitude towards what has been classically and precisely established as "science", in which we include those resistances that deal with scientific disciplines immersed in the teaching and learning context such as mathematics education is. For a view of the paradigms, we must go back to Descartes (1961) who established the methodic doubt as a starting point for any form of knowledge distinguished from mere intuition or from common sense. His rules about the conduct of the mind are clear: first, it is necessary that we mistrust our intuitions, which are deceiving; then, when facing a problem, we are able to subdivide it into smaller pieces or subproblems which will be investigated in detail. The conduct of each one of these subproblems will indicate the good conduct of the initial problem. Briefly, this is the proposal of Cartesian analysis:  to unveil truth from which Descartes' mathematics itself appears as an example of the feasibility of its application. Contemporary with Descartes, by putting the philosophical tradition of his time into question, Francis Bacon recognizes the existence of distinct languages, each one of them as an effective instrument in its way of comprehending the world. According to Bacon, the use of anticipation and dialectics was favorable in those sciences founded in opinions and conventions, whose concern was to submit assent and not things proper. Language must be of a determined form to lead to direct action upon the world, transform it and put it into one's service, and the course proposed by Bacon is that of induction and experimentalism. In his Novum Organum, Bacon (1952) opens up two possibilities: that of the experimentalist scientist who himself proclaims to be the way to dominate nature, and that of dialectics, applied for the domination of someone else13.

Together, both Cartesian and Baconian proposals gained strength during the 18th and 19th centuries, characterizing the science produced as quantitative, mathematicizing and physicalist. Interacting with Bacon's and Descartes' points of view are Isaac Newton's theories which advocate that, in fact, man could be conceived of as a machine. Thus the machine-man could have each of his parts investigated experimentally and inductively, from which his "whole" being would surely be known. Newton's mechanicism is, therefore, the final step to the technicist approach to the sciences, now including undoubtedly the so-called human sciences. Ideologically, this approach to scientific practice becomes paradigmatic, constituting the "classic" paradigm to which we are subjected. There are very clear effects of this philosophical tradition that permeate our current era still today14, even though at the present moment we intend to defend a "holistic" paradigm concerning the realms of science already established and those in the process of being substantiated.
Recently a new paradigm has emerged to oppose the technicist mode of approaching reality scientifically. This emergent paradigm seeks to understand a number of realities of what we conceive of as the world, taking into account the organic totality which constitutes the things we confront ourselves with. Reality is not a given, formed of disconnected parts that may be investigated separately. The dice of the world are coherent when each of the faces establishes a relation highly synchronized with the others. It is from this paradigm's perspective that one can talk about alternative forms of medicine, for instance, about proposals to renew the economy by privileging the social context, or about cognition, philosophy and science itself from a different point of view.

It is interesting to note here the synchrony between Peirce's reservations with respect to Descartes' cartesianism and the need to constitute a new scientific paradigm negating cartesian foundations.  In this new paradigmatic constitution, scientific research, and research in mathematics education in particular, need to take on new meanings.  This issue will be discussed later.

If it is undeniable that science had reached extraordinary results based on the old paradigm, we should also verify the need for a new paradigm on which to lay the foundation for the current scientific areas that take the human as an object of investigation, a being in constant interaction with the world. There is nothing such as "man" and "world". There is man-in-the-world. More than a mere rhetorical game, talking about man-in-the-world is talking about a being that, affected by mundanity, alters its own conditions of existence within the context in which it lives. It is to talk about the being that, attributing meanings, seems itself in a world being both modified by it and modifying it. Conceiving of the man/world interaction implies conceiving of a science whose objects are not given apriori, but are perceived within this interaction, making it necessary to abandon the divulged scientific neutrality.

Peirce had "his mind molded by his life in the laboratory to a degree that is little suspected" (EP2, p. 331) and was totally comfortable speaking about science within a scientific community. In "What Makes a Reasoning Sound?" (EP2, pp.242-257) and "On Science and Natural Classes" (EP2, pp.113-132) he clearly claims that reasoning "is a form of controlled conduct, and thus has an ethical dimension" and characterizes science as a living thing, not the collection of systematized knowledge on the shelves. Science is what scientists do; it consists in actually drawing the bow upon truth with intentness in the eye, with energy in the arm". Truth is redefined as belief, which must be often checked and challenged. There is no such thing as absolute truth. Even reality is a matter of human struggle to attribute meanings and, therefore, a matter of negotiation. Science works upon ideas, and although ideas are individually validated, they are socially authored:

"[Man] persists in identifying himself with his will, his power over the animal organism, with brute force. Now the organism is only an instrument of thought. But the identity of a man consists in the consistency of what he does and thinks, and consistency is the intellectual character of a thing; that is, is its expressing something.

Finally, as what anything really is, it is what it may finally come to be known to be in the ideal state of complete information, so that reality depends on the ultimate decision of a community; so thought is what it is, only by virtue of its addressing a future thought which is in its value as thought identical to it, though more developed. In this way, the existence of thought now depends on what it is to be hereafter; so that it has only a potential existence, dependent on the future thought of the community." (CP5, p. 189)

In denying Cartesian methodic doubt, Peirce is denying an entire tradition based on body-mind metaphysics. Thus we can find in Peirce's writings an important resource to explain how new and better knowledge is fashioned out of prior, less complex knowledge, an issue related to the so called "Learning Paradox" (Prawat, 1999). With Peircean theories in hand, we are facing cognitive issues from a different perspective, outside the domain of representationalism and other classical ways of thinking15.

The world and its phenomena are manifested in signs. These manifestations are "sign action" or, as a semiotician calls it, semiosis (or semeiosis). This incredible variety of signs shows that semiosis is unlimited, requiring a conceptualization. The rhizome16 is usually proposed as an appropriate metaphor to understand that semiotic concept, and since "we think only in signs", such a metaphor can give us a general conception about cognition and the cognitive process in a Peircean approach:

"The metaphor of rhizome specifically rejects the inevitability of such notions as hierarchy, order, node, kernel, structure. The tangle of roots and tubers characteristic of rhizomes is meant to suggest a semiosic space where (1) Every point can and must have the possibility of being connected with every other point, raising the possibility of an infinite juxtaposition, (2) There are no fixed points or positions, only connections or relationships, (3) The space is dynamic and growing, such that if a portion of the rhizome is broken off at any point it could be reconnected at another point without changing the original potential for juxtaposition, (4) There is no hierarchy or genealogy contained as where some points are inevitably superordinate or prior to others, and (5) The rhizome is a whole with no outside or inside, beginning or end, border or periphery, but is rather an open network in all of its dimensions. /…/ Eco has labeled the rhizome as an 'inconceivable globality to highlight the impossibility of any global, overall description of the network. No one (user, scientist or philosopher) can describe the whole of possible semiosic space; rather we are left with 'local' descriptions, a vision of one or a few of the indefinitely large number of potential structures derivable from the rhizome. Every local description is an hypothesis, an abduction constantly subject to falsification." (Cunningham, 1998)

The rhizome-based perspective does not deny the existence of structured knowledge, but points out that cognition is not "an internal, individual, representational process, but rather one which is distributed throughout physical, social, cultural, historical and institutional contexts. /…/ Cognition is always dialogic, connected to another; either directly as in some communicative action or indirectly via some form of semiotic mediation - signs and/or tools appropriated from the sociocultural context" (Cunningham, 1998). Cognition is not a representational process which takes place within a mind within a body as considered in other approaches. The rhizome obliges us to think about connections and interactions or, as Cunningham puts it, a "thinking always 'local', always a limited subset of the potential (unlimited) rhizomous connections". Although there are some papers in educational literature relating semiotics with the Vygotskian approach to cognition (Becker & Varelas, 1994; Confrey, 1995; Cobb, Boufi, McClain & Whitenak, 1997 for instance) and though the rhizome-based conception can be seem as quite close to Vygotsky's central tenet17, we need to be careful in making these approximations. According to Cassidy (1982, p.77), Piaget also states that without some semiotic means it would be impossible to think at all. Surely the establishment of a dialogue between Peirce and Vygotsky or between Peirce and Piaget can generate great many excellent works, but they are not available yet. Thus, such comparison demands research. 

A brief bibliographic survey

This brief sketch of Peirce's perspective seems to be enough initially to realize how fruitful Peircean pragmatism could be for studies related to education and, particularly, to mathematics education. Although its richness was not yet fully apprehended by researchers in mathematics education, the purposes of pragmatism can easily be figured out as an important contribution to our area. Cunningham (1998), understanding that the traditional models of cognition seemed inadequate for conceptualizing the range of skills necessary for students to prosper in the Information Age, uses Peirce's theory as the foundation for research related to the educational challenges which appear in a classroom where the internet plays a fundamental role. Strom, Kemeny & Lehrer (1999), using Rotman's categories to characterize how mathematical meaning emerges, create a framework for tracing the ontogenesis of a mathematical argument in one second-grade classroom. These distinctions of Rotman's drew upon Peirce's functional analysis of signs. According to the authors, this perspective allows one to choose a point of view which contradicts the Platonic approach, also enabling the construction of some graphic models. From these "directed graphs" one can realize how mathematical meanings are built while students' argumentation skills grow. Cassidy (1982) identifies Peirce's and Morris' theories as perfect for building a theoretical superstructure to define the amorphous boundaries of instructional technology. Like Strom, Kemeny & Lehrer (1999), Cassidy draws an essentially qualitative methodological semiotic-based approach to be used in educational research. Cassidy's work shows a perfect synchrony with our later remarks on the need for a new paradigmatic approach to science.

Research of a qualitative nature - which we believe to be a healthy exercise for mathematics education faced with the new paradigm - comes forth less as opposing the empirical research rooted in positivism than as another possibility, alternative and highly efficient, of investigation. In these radical qualitative approaches, the term "research" gains new meaning, becoming a circular trajectory around that which one wants to comprehend, not being concerned only about principles, laws, and generalizations apriori, but rather turning its gaze to the quality, to the elements which are significant to the observer-investigator. This comprehension, in turn, is not strictly linked to the rational, but rather taken as a skill inherent to man, inserted within a context which he constructs and of which he is an active part. These points of view also have a synchrony with the need for a new approach to mathematics education as a scientific practice. According to Baldino (1991) and Garnica (1996), mathematics education should be seen as an interdisciplinary field of knowledge, a position that implies accepting the possibility that mathematics education establish its own values to assess the quality of the research it conducts, which would be manifested, for instance, in the qualitative resources that are being used in investigations. The acceptance of such a thesis still indicates a refusal of the dichotomies professor/researcher, research/teaching, subject/object etc., since it is the social agent directly in contact with quotidian situations who should try to describe and explain them. Cassidy's paper (1982) is a brilliant example of research done within these qualitative parameters using Peircean fundamentals. In this paper, Cassidy advances a theoretical perspective for analyzing education and instructional technology, claiming that his discussion does not adhere to the traditional approach of beginning with a problem and ending with a solution. What he calls "a different perspective" is a semiotic perspective building a research study using a qualitative approach, or "a relatively novel and provocative prospect [which] encourages integration" (p. 76).

A brief bibliographical review by keywords18, using ERIC database, yields only a few papers in which some combination of our guiding words can be detected. But even in these articles the relation between mathematics education and Peircean theory is not clear. A short summary will be of some help to support our claim. 

Stage (1991) discusses a college mathematics classroom using a framework founded in semiotics. The author starts by recognizing that it is possible that misinterpretation of signs (written, verbal and nonverbal) in a mathematics classroom may lead to mistaken notions regarding the nature of mathematics. Thus, collecting data in a college level mathematics class in which students were involved with Markov chains, Stage asks what the symbols and signs are used to communicate in the classroom and how the instructor and students interpret these signs. The author detects and analyses three different kinds of signs and symbols: mathematical vocabulary, some disciplinary assumptions and mathematical statements such as axioms and theorems. The initial expectation - that the higher achievement level of the student, the more closely that student's explanations and interpretations of the signs used in the class would match the instructor's - was recognized as too simplistic a hypothesis. In reinterpreting the data, Stage's final remarks raise some questions to guide further research. Although the main theme and the terms employed in the research were clearly related to semiotics - also referred to in the title of this paper - its method and theoretical framework do not allow us to recognize what role semiotics itself plays in the author's findings. 

Presmeg is another author developing research in mathematics education employing semiotic issues to analyse data. In her 1998 paper - and also in other papers19 - she takes diversity, equity, cultural practices, and ethnomathematics into account. But to study chaining of signifiers, which involve mathematical symbolism, Presmeg's analysis follow a semiotic protocol founded not on a Peircean approach, but on Sausurre's diadic model of semiosis. Becker & Varelas (1993), examining semiotic aspects of cognition related to early mathematical cognition, also uses Sausurre's work as framework.

Studies whose concerns are related to language questions in mathematics classrooms seem to be a fruitful field for analyses founded in semiotics. The question of whether language proficiency affects mathematics learning is a political question as well an educational one (Tate & D'Ambrosio, 1997 and MacGregor & Price, 1999) due to the very fact that debates are often centered on the performance of immigrant or ethnic minority students with English as a second language (MacGregor & Price, 1999). Jaramillo (1996) follows this tendency discussing how re-creating and restructuring language in a second language acquisition situation could be analyzed within the content area of mathematics. Opposing two camps of the mentalist school - the first one focusing on grammar, the second on semiotics - Jaramillo summarizes the efforts already developed to understand and explain how children and adults acquire a second language. Author believes that learning a language is integrated within learning a content area, and this content area is, then, exemplified as an extension of language. He also provides some examples of how students and teachers, writing and speaking, negotiate meanings from the mathematical context that could be a very useful tool in learning a second language. According to the author, this issue became specially important because some other researchers cite how notations and algorithms in the math content area vary cross-culturally, further attesting to a connection between the context of language and that of the content area. But it is not easy to characterize this paper as belonging to the area of mathematics education. Math plays a quite secondary role in this scenario, and neither discussions on math content nor pedagogical issues are deeply focused. Even semiotics - which, according to the author, characterizes one of the two mentalists' approaches in stage - cannot be correctly appreciated because the foundational framework of that supporting approach is not clearly presented.

Like the works cited above, there are other articles in which the language/semiotics relationship plays an important role20. Equivocally, semiotics is often taken as strictly linked only with language (spoken or written) as a system of signs. This narrow conception creates a general and common sense use of the term "semiotic", meaning something fluid but clearly related to language or analysis of verbal and written protocols in communicative situations. The characterization of what an author means when using the word is not an easy task. An example of this unclear usage can be found in Cobb, Boufi, McClain & Whitenack (1997). In considering possible relationships between individual students' mathematical development and the classroom social process, the authors clarify their position relating their theoretical approach with Vygotsky's work, claiming that though they will emphasize differences in perspectives, the intellectual debt they owe to Vygotsky is apparent. According to the authors, Vygotsky emphasized two primary influences on conceptual development:  social interaction and semiotic mediation. Of these two influences, our focus is on semiotic mediation. However, the authors' remarks on this are quite general and vague, stating only that Vygotsky "gave social and cultural processes priority over individual psychological processes. He argued that in the course of development, cultural tools such as oral and written language are internalized and become psychological tools for thinking." (p. 271). The power which social and cultural processes have in issues related to knowledge and cognition, it will be recalled, is also a fundamental aspect of Peircean philosophy. This might be another indicator of a possible relationship between Peirce and Vygotsky. In this paper, however, there are no specific discussions about what "semiotic" means or in which sense it is used. Confrey's work (1995) sheds light on those aspects of Vygotsky's work not discussed in detail by Cobb and others, but since this discussion, in spite of being closely related, is not pertinent to our attempt to present Peirce's approach and possibilities, Confrey's paper is not examined here.

Another important article for us to comment on is Cooper (1967). As Cooper's paper about Peirce's and Dewey's concepts of knowledge shows, our present paper is not an original approach. Like ours, Cooper's remarks are open for completion. He claims only suggestive, not conclusive, power for his study and leaves open the question: What likely fruitful relation can be discerned between pragmatism and educational theory?

In short, the rationale of Cooper's study rests upon four assumptions: (1) Society necessarily practices education; (2) knowledge performs a central role in education and a concept of knowledge is essential to a concept of education; (3) American education has been significantly influenced by the thought of John Dewey, and Dewey derived central concepts of his thought from the work of Charles Peirce21, and (4) Peirce's original pragmatism may provide some useful concepts with which to approach current educational questions. As we also realize, Cooper considers Peirce's positions emphasizing knowing as a process and recognizing the fallible, inconclusive and evaluative nature of truth22 as essential to understanding or establishing a broad and fruitful conception of education. This radically new conception of knowledge challenged tradition, not denying, but reorienting it.

If nowadays the trial to achieve a fallibilistic foundation for mathematics with which we could build a consistent and rich philosophy of mathematics education is already common sense23, the core of Peirce's conception of knowledge - or his conception of the character and mutual relations of belief, doubt and inquiry, so to speak - needs to be deeply investigated.

Peirce's mathematical manuscripts

As we understand it, Peircean pragmatism and theory of signs - although it has been presented quite briefly here - can speak for itself. But there is another face we can consider when looking for possibilities for using Peirce's theory in mathematics education. Until now we presented one of these faces; we underlined some conceptions about truth, cognition, reasoning, science and reality among others, which allow new approaches to old themes, opening perspectives which can be used as theoretical foundations to understand the teaching-learning process. The other face of Peircean writings we realize is important to mathematics education is the understanding of Peirce's mathematical production properly saying. A presentation of one of these manuscripts - the primary arithmetic and correlated manuscripts - is made below.

Mathematical manuscripts: context and history

Charles Sanders Peirce was born in 1839 in Cambridge, Massachusetts.  E. T. Bell, G. Birkhoff and D. Struik are among the researchers who agree on the contribution Benjamin Peirce, his father, brought to American mathematics.  According to Bell, mathematics in the United States was in a state of sterility during the first three hundred years of its existence. An honorable exception must be credited to Benjamin's linear associative algebra, later recognized: 

"Sylvester's enthusiasm for algebra during his professorhip at the Johns Hopkins University in 1877-1883 was without doubt the first significant influence the United States had experienced  in its attempt to lift itself out of the mathematical barbarism it appears to have enjoyed prior to 1878. Elementary instruction was not good enough, perhaps better than it is today, research on the European level, with one or two conspicuous exceptions, was non existent. /…/ Benjamin Peirce made only a negligible impression on his American contemporaries in algebra, and his work was not appreciated by their immediate successors until it had received the nod of European condescension." (NE1, p.xiv)

In Peirce's time, there was a need for applied mathematics, and the mathematically talented were easily attracted to research centres. Charles S. Peirce entered Harvard as a student in 1855, the same institution in which his father had been one of the most distinguished professors in Mathematics and Astronomy.  In 1859, he  became a member of The Coast and Geodetic Survey, the first scientific institution to be created by the government of the United States. Peirce's trajectory in the scientific community was agile: he was also a member of the National Academy of Sciences, and taught logic at Johns Hopkins University from 1879 to 1884. He died in 1914 in Milford, Pennsylvania.

Although almost unknown by mathematics educators and researchers, Peirce's mathematical works are highly regarded creative texts. According to specialists in his manuscripts, Peirce is an inspired textbook writer, who had challenged the French influence of his time. In those days, Legendre's Élements de Géométrie and Traité de Trigonométrie were the pattern to be followed. In spite of this model, Peirce's textbooks for elementary and advanced mathematics have a clear and logical discussion of ideas and concepts, using - and sometimes creating - a powerful and inventive symbology linked to a careful nomenclature ("reflecting his work as a linguist and a contributor to dictionaries" as quoted in NE1, p.xxvi). In his elementary arithmetics, Charles Peirce even anticipates the curricular revision suggested by the comission responsible for recommending some changes in mathematics education in 1908:

"Textbooks written and used in elementary mathematics in America up to the time of C. S. Peirce's involvement in the problem reflected little the revolutionary mathematical thought of the mid-nineteenth century.  However, by the end of the century the need of a review of mathematical curriculum and instruction throughout the world became apparent, and steps were taken at the International Congress of Mathematicians in Rome in 1908 to implement just that. A commission with Felix Klein at the head was appointed to make recommendations for the necessary changes.  Peirce antecipated such revision in his own textbook writing /…/" (NE1, p. xxvi)

Ingenious, Charles Peirce's mathematical work spans a wide range in the mathematics landscape, from the basics - developed under different perspectives - to the most sophisticated from a mathematical point of view. Peirce's arithmetic textbook is a brilliant example of the former while his Topology could be an example of the latter:

"/…/ his deep appreciation of topological structure at a time when nothing was being written to introduce the basic topological ideas on the lower school level, and little on a higher level, his fascination with non-Euclidean notions that is reflected in the appearance of the Moebius strip in his geometry even though Klein himself had advised against the introduction of non-Euclidean concepts on so low a level in his Evanston lectures, all tend to make of C. S. Peirce a mathematical prophet, as well as a superb mid-twentieth century teacher.24
Yet topology in the 1890s, like non-Euclidean geometry, had not reached textbook recognition; unlike the non-Euclidean materials, little of it was to be found in widely circulated research papers." (NE1, p. xxvi-xxvii)

According to Grattan-Guiness (1997) in his study on the interactions between mathematics and logics from the French Revolution to the First World War, Peirce is considered one of the most important logician among those followers of Condillac’s logique. Such relation between mathematics and logics are quite confuse in the cited period for the scene has many “actors” in supporting roles. We must also consider the specific philosophical and religious convictions involved here. By the way, Grattan-Guiness analyses the influence of Condillac’s logique in France during the French revolution and its posterior arrival in England, where Boyle and De Morgan establish the foundation of Algebraic Logics. This line of development has its continuation in Peirce and Schröeder, both using boolean algebra with interpretations in a propositional calculus and a theory of collections. Peirce, developing his theory of relations and a general theory of signs, still revived the connections between logics and semiotics forgotten since Condillac’s logique. 

Being concerned with many and distinct faces of scientific and philosophical knowledge, Peirce had an amazingly large written production scattered among papers, letters and notes. Among the important projects related to his work, seeking a systematic way to present the production of one of the most important American philosophers, we can cite the books edited by Charles Hartshorne and Paul Weiss25 (the Collected Papers of Charles Sanders Peirce, Harvard University Press); the complete manuscripts chronologically ordered developed by the Peirce Edition Project (the Chronological Edition, Indiana University Press) and the presentation of Peirce's mathematical works edited by Carolyn Eisele (The New Elements of Mathematics by Charles S. Peirce, Humanities Press). In the four volumes of the New Elements we can find Peirce's arithmetics, algebra and geometry and some of his remarks on philosophy of mathematics. This edition published in 1976 is until now an obligatory source for understanding Peirce's thinking about mathematics and his concerns about the process of teaching and learning of mathematics. Actually, according to our point of view, his works on arithmetic are among his most interesting mathematical writings because of the way in which they show the approximation of the man of science with basic educational concerns. However, these writings have a chaotic history of comings and goings from one editor to another, from one collaborator to another, and due to unsolved financial issues, excessive spending and lack of time, a complete final version of Peirce's arithmetic never was published. In spite of this, the manuscripts were organized by Eisele in her 1976 edition. Eisele herself gives us a broad understanding of the composition of those texts:

"Peirce had in mind at that time a "Primary Arithmetic" consisting of the Elementary Arithmetic as given in MS. 18926,27 (Lydia Peirce's Primary Arithmetic) and MS. 181 (Primary Arithmetic - MS. 182 is a draft of 181 with Suggestions to Teachers); a Vulgar Arithmetic, as developed in MS. 177 (The Practice of Vulgar Arithmetic) for students and in MS. 178 (C.S.Peirce's Vulgar Arithmetic: its chief features) for teachers; a Practical Arithmetic as given in MS. 167 and 168. In an "Advanced Arithmetic" he probably intended to encompass number theory as given, for example, in Familiar Letters about the Art of Reasoning (MS. 186) and in Amazing Mases; and Secundals, the binary number system so popular today." (emphasis added).(NE1, p. xxxv)

This paper intends to present some remarks on Peirce's Elementary Arithmetic, consisting of manuscripts 18928, 181, 182 and part of MS 179 (Peirce's Primary Arithmetic upon the Psychological Method).

Peirce's Primary Arithmetic

The arithmetic in Peirce's manuscripts seems to be a skeleton of a textbook - sometimes more complete, sometimes with gaps - which was supposed to be actually adopted in elementary schools. We detect some explicit directions to teachers in terms of methodology. In manuscript 179, for instance, Peirce establishes the scientific posture as one of the most essential characteristics teachers should have: 

"It had already been recognized that numerals are not learned by children in the same involuntary way in which they seem to learn the other parts of speech. They have to be taught number; and it is almost indispensable to their future facility with arithmetic that they could be taught in a scientific manner, so as not to burden their minds with fantastic notions. /…/ If the teacher cannot prevent the formation of associations so unfavorable to arithmetical facility, as in many cases he certainly cannot, he can at least do something to give them the least disadvantegeous peculiarities. To this end, it is desirable that children should receive their first lessons in number from an instructor conversant with the dangers of these phantasms29."
In an uncertain time, Peirce creates a story and situates its characters - a little girl called Barbara (in a clear reference to the classic syllogism) and her grandmother Lydia30 - talking about numbers. In the beginning, the text has the characteristic language of children's tales, a resource the author gradually abandons as the text progresses: 

"Once upon a time, many, many, many long years ago, when the world was young, there was a little girl /…/ who lived in the midst of a great wood; nothing but trees, trees, trees, in every direction for further than I could tell you until you have learned arithmetic /…/".

Peirce is very careful with language issues and this can be easily detected in the rhythmic cadence of some phrases:

"One of the things we have to do very often is to find out how many things of the same kind there are in some box or bags, or basket or barrel, or bank or basin or bucket, or bureau, or bottle, or bowl, or bunker, or bird's nest, or buffet, or boiler, or barrow, or barn-bay, or book, or be it what it may, or to find out how many times anything happens, or any other kind of how many."

Counting and basic operations are connected, and while pointing out the importance of some hands-on materials - like cards, drawings, tiles and beans - to support the teaching-learning situation, Peirce takes the opportunity to teach lessons of another nature: 

"If we don't want to make people sorry but want to make them glad, we must begin by finding out what the right way is /…/ That makes three things: 1st  to find out the right way; 2nd to learn the right way and third to do the right way."

 The concept of counting is introduced using the well known resource of children games by relating childhood counting-rhymes31 to a kind of biunivocal relation: 

"Have you never picked the petals from a daisy and said 'Big-house, little house, pigsty, barn; big-house, little house,' and so forth. Then the last one called is supposed to be your future home. That's like counting."
Reminiscing children's rhymes, telling facts of American history and conjecturing about the past32 Peirce intends to keep tradition alive33.

The largely used mnemonic resource is not a mere technic to facilitate calculation, but is justified by the very fact that it gives to the child a close and concrete reference. The same resource can be seen when Lydia teaches Barbara and Benjie how to count using their fingers34, but after this, using some examples, the meaning becomes clear. Multiplication, division, average (arithmetic mean) and rule of three are issues discussed in the first arithmetics book. As an example, we will take here Peirce's remarks on multiplication of integers.

An initial element to be noted is Peirce's definition of integers from 0 to 18. These numbers are shown in a list from which we can figure out how to operate to get the quarter square of n:multiply the integer part of half n by what is missing from that first factor to complete n35. In this way, Peirce intends to be constructing an agile mnemonic process for multiplication of integers smaller than 1036, which we could call "short multiplications". More ingenious than practical or easy, the further algorithm presented is the one to get the product of multiplying n by m: it is given taking the difference between the quarter square of m+n and (m-n(. The next step in this line of presentations of algorithms is that related to "long multiplications"37.

A kind of conflict resolution problem related to American history which requires the result of 365 multiplied by 127 is the starting point to discuss "long multiplications". The technical nature of the algorithm - which is quite close to that which is used in schools nowadays - consists of transforming a "long" multiplication into as many "smaller" ones as necessary and, finally, adding the final results of these partial products38. This first approach to long multiplication is developed in such a way that it is not necessary to use the processes of "carrying" numbers.

As a result of this process, however, the need arises to understand the position of the partial results on the graph, and afterwards, to understand the need to sum these values.  This explanation, also in the form of examples, emerges in a dialogue between Benjie and Lydia39. In the sequence, the algorithm is presented in its most agile form: it develops like the previous algorithm, placing "units under units, tens under tens, and hundreds under hundreds", but now making use of the process of carrying numbers40, formally recording the carried numbers in their proper positions. In a next - and final - step of the lesson on the multiplication of whole numbers, these records will be disregarded41.

Additional unlocking-problems are proposed and, thus, the theory is developed.  Peirce's advice to teachers is clear, and at many points, quite similar to modern thinking with respect to mathematical literacy.  The importance of complementary didactic materials (such as colorful chips, bags, abacuses, diagrams, and cards) is emphasized, as well as elements familiar to the students' context, in order to bring them closer to the idea of number (which, according to Peirce, many teachers do not have themselves) in a way that is natural, clear, simple, and useful, indicating that "It must not be supposed that so long as children learn arithmetic, it makes no difference how they learn it", which can be read as valuing the process over the result.

In one part of the original text (Peirce's Primary Arithmetic: upon the psychological method), the author declares that, although he learned his elementary arithmetic lessons with his parents, the contact with modern psychology made him see certain concepts and positions with new eyes, which helped him to perfect his lessons.

In manuscript 179 he presents Miss Sessions and her students, in whose lessons he continues to develop the same themes but from a different perspective, using new problems.  Some private notes of Peirce's are incorporated in the manuscript and show that the author analyzed various didactical texts of arithmetics commonly used in the American educational system at the time, pointing out their omissions and inconsistencies in an effort to caution himself and others about them42.

The need that Peirce saw to take advantage of arithmetic lessons to, at the same time, comment on cultural and historical aspects is notable.  The presence of elements that, like current educational guidelines, suggest an almost obligatory link between mathematics and the day-to-day lives of students, should also be emphasized.

The study of the arithmatic mean, in manuscript 189 (second version) begins with a comparison of the Julian and Gregorian calendars; the part of manuscript 179 related to Primary Arithmetic begins with Ms. Sessions going shopping with her students, from which the lessons about linear measures and addition and subtraction problems involving money evolve. The elements of mathematics must be taken advantage of to teach other lessons linking science with that which, implicitly or explicitly, motivate and strengthen notions of ethics in the students.  In addition, the use of support materials is constant43, taking care that the material not be more attractive than the concept to be taught.  Examples of such materials include the abacus, which serves not only for rapid calculations, but also as a trigger for linguistic considerations related to the name of things44. From this activity follows counting "by twos" and "by threes", etc., from which emerges the list of multiples that forms the basis for the multiplication table.

"There are no better diagrammatic presentation of a number than a row of dots, all alike. For this reason, the usual abacus with round beads on wires is to be commended. The beads should be spherical, or somewhat flattened, in the direction of the length of the wire, so that their form may attract as little attention as possible. They should all be of one color, so as to avoid insignificant associations of colors with number. We must not fail, in teaching numbers, to show the child, at once, how numbers can serve his immediate wishes. The school-room clock should strike; and he must count the strokes to know when he will be free. He should count all stairs he goes up. In school recess playthings should be counted out to him; and the same number required of him. This is to teach the ethical side of arithmetic. /…/ In counting, the child should begin by arranging his pack of cards in regular order, and then laying down a card45 upon each object of the collection to be counted. In this way, he will count articles of furniture, flower-pots, plates, books, etc." (MS. 179)

We cannot know from the ordering of his manuscripts (and perhaps his own composition, since they are drafts that were never put in their final form) what he had in mind to be the exact sequence and desired pre-requisites.  There are few clues in this respect: manuscript 180, reproduced here in one of the footnotes, suggests a work plan that other manuscripts attest was not followed, at least not rigorously. It should be noted, nonetheless, that in spite of being material destined for the schools, to which each student would have access46, it serves as a guide got teachers, who can take it as a reference of precise guidelines for organizing their actions.

Using strong mnemonic resources, such as exhaustive repetition and rhythmic lists of numbers, his attempt to teach arithmetics is based on the strategies of reinforcing counting (with or without the support of complementary material), enunciating the sequence of whole numbers, and counting in two's and three's, etc., and in the intent to form, in the student, a solid base for agile mental calculations. Thus the intention, as Peirce himself affirms in one of his letters, is not the constitution of arithmetics in the broad sense, but of arithmetics thought of as the art of using the Arabic numerals and managing the principles of counting:

"But now as to Arithmetic, which, properly speaking, has nothing to do with arithmetic, the mathematics of number, but solely with the art which Chaucer and others of his time called augrim, the art of using the so-called 'Arabic' numeral figures, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. It is a great pity that the word 'augrim' has become obsolete, without leaving any synonym whatever. The nearest is 'logistic', which means the art of computation generally, but more especially with the Greek system of numeral notation."

Also, in his brief considerations of the teaching of numeration (MS. 179), Peirce affirms that work with counting is the best - or only - possible way to approach the concept of number: "The way to teach a child what number means is to teach him to count. It is by studying the counting process that the philosopher must learn what a essence of number is".

In joining numerals together with childhood games, one could suppose that the names of these numerals are thought of as being mere words; this is followed by encouragement to recite the rhymes and sequences with the intention of solidifying and learning47.

When the utilization of the abacus is suggested, the concern with language once again appears and it shows Peirce's sensible perspective on striving for (or at least facilitating) proximity between reading, writing and arithmetic (the "three R's") 

His concern with linguistic issues, as previously pointed out, cause Peirce to suggest that the child be allowed to make free associations in the initial phase of learning with respect to nomenclature to be used with each numeral: 

"Many children will learn the names of numbers, and even apply those names pretty accurately, without having the slightest idea of what number is. This should not discourage the teachers. Such children learn by first acquiring the use of a word, a phrase, and then, long after, getting some glimmer of what it means. If it were not for this, formulas would not have the vogue they have - How many of those who talk of the law of supply and demand have any idea what that law is, further than that it regulates prices by the relation between wants and stocks of goods? /…/ Pay no attention to the ordinary names of numbers above nine. The child will learn those for himself. But in learning arithmetic the strict systematic character of numeration must be proeminent. Therefore, call ten, onety; eleven, onety-one; twelve, onety-two; thirteen, onety-three; twenty, twoty, etc."

The minimal treatment given to theory - even in his initial presentation - seems to be credited to his father's teachings. The influence of Benjamin Peirce in the mathematical work of his son is clear. In addition to the reference to Benjamin in the beginning of manuscript 179, to which we made reference here, there is a brief but significant reference to his father in the essay "The Essence of Mathematics", published in 1902: "It was Benjamin Peirce, whose son I boast myself, that in 1870 first defined mathematics as 'the science with draws necessary conclusions'. /…/ and my father's definition is in so far correct that is impossible to reason necessarily concerning anything else than a pure hypothesis."48. In another manuscript (MS. 905), he writes about his father's influence on his work in arithmetics:

"My father, then, was the leading mathematician of the country in his day - a mathematician of the school of Bowditch, Lagrange, Laplace, Gauss, and Jacobi - a man of enormous energy, mental and physical, both for the instant gathering of all his powers and for long-sustained work; while at the same time he was endowed with exceptional delicacy of sensation, both sensous and sentimental. But his pulse beat only sixty times in a [minute] and I never perceived any symptom of its being accelerated in the feats of strength, agility, and skill of which he was fond, although I have repeatedly seen him save his life by a hair-breadth; and his judgment was always sane and eminently cool. Without apearing to be so, he was extremely attentive to my training when I was a child, and specially insisted upon my being taught mathematics according to his directions. He positively forbade my being taught what was then, in this country, miscalled 'Intellectual Arithmetic', meaning skill in instantaneously solving problems of arithmetics in one's head. In this as in other respects I think he underrated the importance of the powers of dealing with individual men to those of dealing with ideas and with objects entirely governed by exactly comprehensible ideas, with the result that I am today so destitute of tact and discretion that I cannot trust myself to transact the simplest matter of business that is not tied down to rigid forms. He insisted that my instruction in arithmetic should be limited to exhibiting the working of an example or two under each rule and being set to do other 'sums' and to having my mistakes pointed out for my correction. He preferred that I should myself be led to draw up the rules for myself, and quite forbade that I should be informed of the reason of my rule. Thus he showed me, himself, how to use a table of logarithms, and showed that in a couple of cases the sum of the logarithms was the logarithm of the product, but refused to explain why this should be or to direct me to explanation of the phenomenon. That, he said, I must find out for myself, as I ultimately did in a more general way than that in which it is usually stated."

Some final considerations

Our bibliographical review, spread over the body of the text, seems sufficient to attest to the potential of Peirce's work for education, and in particular, mathematics education. There are similarities between Peircen theories and others that should be studied. There remains the possibility of taking advantage of Peircean pragmatism and his theory of signs as a philosophical foundation for mathematics education. Two of the publications reviewed here (Strom, Kemeny & Lehrer, 1999 and Cassidy, 1982) attest to how useful Peirce's philosophical work can be as a methodological parameter. These possibilities, however, should not situate Peirce as a philosopher of education. The few texts he wrote on the subject are based more on his experience as a teacher and student and on the common sense of the thinker in sync with his time and with the possibilities of the future, and are not, as might be thought49, an attempt to establish a philosophy of education. Peirce's thoughts on education are at best fragmentary.

We have to consider that Charles Peirce experienced almost every form of education. His father first gave him a home education and further allowed him to attend private schools "whose relative lack of rigorousness must have been a pleasant surprise". He also was student, teacher and researcher in important American institutions. We must recognise the well-known influence Peirce had in Dewey's philosophy, one of the most important and influential American educational philosophers. McCarthy (1971) points out that, in spite of all this, Peirce was curiously and uncharacteristically silent on educational questions. McCarthy analyses some documents collected by editors - at a time when most of Peirce's essays were not yet published - looking for evidence of a possible Peircean educational philosophy. But the author states clearly that, just because man's thinking had powerful implications for education, it does not, of course, mean that he was an educational philosopher.

McCarthy uses as his main references a letter from Peirce to Daniel Coit Gilman (SW, pp. 325-330), a short paper published in the Educational Review in 1898 (SW, p. 338-341) and his assignment for the Century Dictionary published in 1889 for which he was one of the editors (SW, pp.332-335). McCarthy's paper was published in 1971, six years before Eisele published The New Elements of Mathematics by C. S. Peirce, and although McCarthy considers the contribution Peirce made to the methods of teaching mathematics as "evident from a series of manuscripts he prepared for three mathematics texts which were never published", no more detailed references on this issue are presented. However, in discussing some possible further research on Peirce's mathematical works, he points out: "Unfortunately, the reader who is not thoroughly grounded in mathematics is able to derive from these manuscripts only that Peirce had a sound concept of the order in which different types of mathematics ought to be taught, and that his schemes for scaping rote learning and to involve the learner's imagination seem to antecipate the methods of the 'New Math'." Nowadays we can analyse the mathematical writings from a distinct perspective for they are all available in Eisele's edition, and also McCarthy's citation about New Math - which he seems to approve - can be considered in a quite different way (see, for instance, Klein, 1970).

Peirce's remarks on education in the papers used by McCarthy - currently published under the label "Science and Education" in Wiener's 1958 edition - focuses, in short, on Peirce's points of view which are not founded - or not explicitly founded - in his philosophy. There are no traces of pragmatism or of Peircean theory of signs when, in the letter to Gilman, Peirce exposed his thoughts on the organization and administration of an academic departament. But an educational concern can be detected there:

"/…/ the professor's objects ought to be to let the pupil as much into the interior of the scientific way of thinking as possible, and for that purpose he should make his lecture experiments resemble real ones as much as possible, and he should avoid those exhibitions of natural magic which impress the mind with a totally perverted idea of science" (SW, p. 326)

However, the implementation of an action-guided methodology within the laboratory in an inquiry approach - whose clear intention is to approximate as closely as possible the preparation of future physicists' with real practice and conditions, sharing responsibilities - is to be used only with the special students. The methods to be used with "general" students are lessons and lectures, but also this approach has new elements under consideration: beyond this treatment which involves lecturing, pupils ought to be exposed to the moral and logical lessons of physics, instructed as to the purposes, ideas, methods and life of the physicist. The main laws of physics must be taught to them in all of its possible applications.

"In regard to the system of instruction, the special pupils would give little trouble. They should be apprentices in establishment, above all. They should be left to work out the mathematics of practical problems in order that their mathematics might not be up in the air; they should also be made to study out new methods and make designs for new instruments, the instructor measuring their strength. /…/ Some of the merits of this method are that from the first the pupil feels himself an apprentice - a learner but yet a real worker; he is introduced to a great and important investigation and of this investigation he has a necessary part to do, he is not working for practice merely. /…/ The method with general students, in my opinion, is a more difficult problem than that with special students. For them are lessons. A lesson should be neither a recitation nor a lecture but something like a mixture of the two." (SW, pp 328-9)

Peirce's definition and remarks on the function of a university are also made clear in his definition in the Century Dictionary, which is remarkable in that it makes not the slightest allowance for the function of instruction. McCarthy tells us that the other editors wrote to him that they conceived of the university as an institution for instruction. Peirce replied:

"If they have any such notion they were grievously mistaken, that a university had not and never had had anything to do with instruction and that until we got over this idea we should not have any university in this country". (p. 10)

In his text, however, we find a remark on instruction being only a necessary means to the main purpose and function of a university: the production of knowledge. Also in this text Peirce deplored the tendency to evaluate professorial contributions in economic terms rather than in terms of theoretical research and affirms that universities seem to proclaim to its students that their individual well-being is its only aim. Peirce recognises himself as possibly guilty on this account, pointing out explicitly, for the first time in his "educational essays", the pragmatic approach:

"I am not guiltless in this matter myself, for in my youth I wrote some articles to uphold a doctrine I called Pragmatism, namely, that the meaning and essence of very conception lies in the application that is to be made of it. That is all very well, when properly understood. I do not intend to recant it. But the question arises, what is the ultimate application; at that time I seem to have been inclined to subordinate the conception to the act, knowing to doing. Subsequent experience of life taught me that the only thing desirable without a reason to being so, is to render ideas and things reasonable." (SW, p.332)

But this mea culpa is not enough to conceive these remarks on educational issues as founded on pragmatism or other faces of Peircean theories. In realizing so, we strongly agree with McCarthy in saying that it would be possible and interesting - although probably a monumental and thankless labor - to elaborate in full detail what Peirce might have proposed as a Peircean philosophy of education. But, obviously, he did not do it himself.

Peirce's mathematical work shows another side of the author that we feel has been neglected up to now by researchers in mathematics education.  These manuscripts show inventiveness in the use of nomenclature, creativity in approach, and innovation.  In particular, the manuscripts referring to his work in elementary mathematics (arithmetics, briefly presented here) allow an analysis of Peirce's thinking about mathematics education.  The emphasis on the link between language structure and the teaching of mathematics, the exploration of algorithms, the care taken to establish dialogues between diverse areas of knowledge (an initiative that has been given priority nowadays in proposals for education - interdisciplinarity), among other elements that await more detailed analysis - all these reinforce the potential of investing in Peirce.  Mathematics education is not the only field that appears to have neglected Peirce's work; history of mathematics (and consequently, the history of mathematics education) seems to have overlooked it as well.

Finally, we hope the reader understands the need for the frequent and at times extensive quotes and notes in an article of this nature. Faithful documentation, respect for the authors' style (Peirce's, in particular), and a concern for the flow of the article were reasons we felt it necessary to preserve parts of the original texts and include the notes.

Notes

(1) The Metaphysical Club was founded by Peirce and James in 1871. Peirce describes himself and the other members as a "knot of /…/ young men in Old Cambridge, calling ourselves, half-ironically, half defiantly, 'The Metaphysical Club', - for agnosticism was then riding its high horse, and was frowning superbly upon all metaphysics /…/" (PW, 269)

(2) The eight volumes of the Collected Papers of Charles Sanders Peirce, published by Harvard University Press, have been one of the most important sources for references on Peirce. But since 1958 - the year Arthur Burks edited the last volume - some other editions became public, complementing the Collected Papers. Surely it demonstrates the increasing academic interest on Peircean works, but at the same time it represents a problem for making unambiguous reference citations on the original manuscripts. Nowadays we need to recognize the efforts of Indiana University's Peirce Edition Project in publishing the complete writings of Peirce in a chronological edition (5 volumes available, 30 projected) and other initiatives which will naturally appear in this paper. In order to make references clear and facilitate reading we use a special notation for all Peirce's original quotations, noting down in capital letters the editions used followed by the page numbers. We'll use CPn meaning volume n of "Collected Papers", CEn for the volume n of "Chronological Edition", EPn for the volume n of "The Essential Peirce", NE for "The New Elements of Mathematics", EW for "Essential Writings", SE for "Selected Writings", PW for "Philosophical Writings" and so on. Exceptions in notation will be explicitly mentioned and the complete list and general data are available in the final bibliographic references.

(3) "So then, the writer [Peirce himself], finding his bantling 'pragmatism' so promoted, feels that it is time to kiss his child good-by and relinquish it to its higher destiny; while to serve the precise purpose of expressing the original definition, he begs to announce the birth of the word 'pragmaticism', which is ugly enough to be safe from kidnappers". (CP5, p. 276-7) But Peirce himself seems to be not so comfortable with the new label: in this essay the old name will appear so often, including in the title itself.

(4) It is easy to find Peirce's writings denying Cartesianism. We recommend the classic essays "Some consequences of four incapacities" and "How to make our ideas clear". Also, a recent paper Prawat (1999), focusing on the so-called "learning paradox", which discusses the Cartesian mind-body metaphysics using Peircean and Deweyan fundamentals.

(5) According to Bain's definition of belief (our note)

(6) When focusing on some distinctions between Jamesian and Peircean approaches to pragmatism, Wiener (SW, p. 181) states that "the chief difference between Peirce's pragmatism and James' pragmatism arises from the fact that Peirce's point of view is logical, while James' is psychological. Whereas Peirce sought the meaning of a proposition in its logical and experimentally testable consequences, James looked for more immediately felt sensations or personal reactions. /…/ However, in situations where are concerned entirely with psychological effects, say, in judging the meaning of self reproach by its consequent improvement of the habit of self-control, there is no difference between Peirce and James."
(7) When proposing to characterize Peircean fundamentals of pragmatism, this item was added in order to clarify the pragmatist maxim, giving an alternative formulation. Yet according to Murphy, "we shall take 8a. as our official version of the 'pragmatist maxim'. What it crisply formulates, however, is not so much Peirce's pragmatism as his experimentalism."

(8) Peirce presents the "philosophical trivium" in many writings (See, for instance, "Of Reasoning in General", EP2, pp. 11-26). 

(9) According to Eco & Sebeok (1983), references about numbers and especially about “magic numbers” can always be found in literature: Conan Doyle incorporated numbers in eight of his Holmes story titles; Tesla was fascinated by the number three and the results of operations which only use this number; and related to triads in particular we can find numerous examples, such as the Christian Trinity (Father, Son and Holy Ghost), Hegel’s dialetics (thesis/antithesis/synthesis), Freud’s Ego/Id/superego and, of course, Peirce’s trichotomies: the ontological category (the pronominal system of “It, Thou, I”), “Thirdness, Secondness, Firstness”; “Sign, Object, Interpretant”; “Icon, Index, Symbol”; “Quality, Reaction and Representation” and, “Abduction, Induction and Deduction”. Sebeok says: “Pierce’s fondness for introducing trichotomous analysis and classification is notorious, as he knew only too well, and in defense of which he issued, in 1910, this beginning apologia: ‘The author’s response to the anticipated suspicion that he attaches a superstitious or fanciful importance to the number three and forces division to a Procrustean bed of trichotomy. I fully admit that there is not uncommon craze for trichotomies. I do not know but the psychiatrists have provided a name for it. If not, they shouldÉ it might be called triadomany. I am not so afflicted, but I find myself obliged, for truth’s sake, to make such large number of trichotomies that I could not [but] wonder if my readers, especially those of them who are in the way of knowing how common the malady is, should suspect, or even opine, that I am a victim of it … I have no marked predilection for trichotomies in general.” (p.03)

(10) When these three trichotomies of this classification are combined, ten classes of signs can be identified. Although this ten-fold classification of signs is very interesting for our purposes, its derivation is so technical as to be beyond the possibilities of this paper. Our final references will provide some indications to a reader specifically interested in this issue.

(11) (our note) In his work "What is a sign?" - probably composed early in 1894 according to Peirce Edition Project's editors and, therefore, when the categorization of signs was not yet completed - Peirce put the focus on this trichotomy: " There are three kinds of signs. Firstly, there are likenesses, or icons; which serve to convey ideas of the things they represent simply by imitating them. Secondly, there are indications, or indices; which show something about things, on account of their being physically connected with them. /…/ Thirdly, there are symbols, or general signs, which have become associated with their meaning by usage. Such are most words, and phrases, and speeches, and books, and libraries." (EP2, p. 5)

(12) 
"D is a collection of data (facts, observations, givens)

H explains D (would, if true, explain D)

No other hypothesis can explain D as well as H does

Therefore, H is probably true." (p. 5)

(13) According to Pessanha (1993), "modernity that has followed this scientific and technological path forgot about Bacon's observations that when the object of knowledge is the human being, it is impossible to treat him as a thing." (p. 07)

(14) We can detect a strong tendency against the humanist formation in the air, evident to the point that more exact components (i.e. "mathematical" components) a field of knowledge has or the more objective are the parameters to the analysis of its production, the more accepted this field is: economics is mathematicizing itself, and so is sociology; some text interpretive approaches are mathematicizing themselves; history, psychology, geography, and even education, to mention only some, seek in the statistical tests for their entry visas to the well-accepted and well-founded group of sciences, and are therefore mathematicizing themselves as well. (Moles, 1995; Steiner, 1970)

(15) A reference to understand the different approaches to conceive of cognition and their consequences is Cobb, Yackel & Wood (1992)

(16) According to the Webster's New World Dictionary, a rhizome is "a creeping stem lying, usually horizontally, at or under the surface of the soil and differing from a root in having scale leaves, bearing leaves or aerial shoots near its tips, and producing roots from its undersurface". 

(17) In general terms, Vygotsky's central tenet was that socio-cultural factors were essential in the development of the mind and, consequently, that the individual emerges from a socio-cultural context. (Confrey, 1995, p.38)

(18) The keywords used for searching were [Mathematics Education ( (Peirce ( semiotics ( pragmatism)]

(19) See, for instance, Presmeg (1997). 

(20) See, for instance, Stanage's discussion about adult learning theory in a post-modern age (1994).

(21) "Charles Peirce graduated from Harvard University in 1859, the year of John Dewey's birth. Separated in time by nearly a generation, these two thinkers are further separated in thought despite their commonalities, by significant differences in the foundations of their philosophic positions. If a man's thought can be fairly said to bear the stamp of a single philosophical antecedent, then by explicit admission Peirce is descendent from Kant, Dewey from Hegel." (Cooper, 1967, p. 23)

(22) Of this knowing process Peirce clearly said: "The most that can be maintained is that we seek for a belief that we shall think to be true". (CP5, p. 232)

(23) As, for instance, Ernest (1991) tries to develop in his social-constructivist approach basically using Lakatos' and Wittgenstein's philosophies. As pointed out by Hanna (1994) mathematics educators have a special fascination with Lakatos' work, specifically with his Proof and Refutations (1976). Lakatos' falibilism, or his theory denying absolute mathematical truth, although often misinterpreted, is the main cause of that fascination (Garnica, 1996a).

(24) This affirmation - slightly romantic - about Peirce as a teacher will be better analyzed in McCarthy's paper (1971).

(25) Hartshorne and Weiss edited volumes 1 to 6. Arthur W. Burke edited volumes 7 and 8.

(26) In presenting Peirce's arithmetical texts we will follow Eisele's references in NE1. Manuscript (MS) identification numbers are related to Peirce's original Arithmetic as available in the Charles S. Peirce Collection at Houghton Library, Harvard.

(27) Actually, manuscript 189 (MS 189), Lydia Peirce’s Primary Arithmetic has two distinct versions. The first, a reduced one, has an introduction and a presentation of the counting system (until the discussion of children rhymes). The second version, more complete, presents again (with some new remarks) the introduction and develops some algorithms. Both versions must be seen as complimentary.

(28) Not only in MS 182 as the editor points out.

(29) Based on Galton's works, Peirce considered those ghosts which usually inhabit human minds. Education in general and teachers in particular must be attentive in order to eliminate "hallucinatory imagination". Example of this hallucinatory conduct related to arithmetic issues can be detected in students who can not conceive "number" with no colors, shapes or sizes: “But there are others, who without localizing the objects of their imagination, still cannot think of an abstract number without the accompaniment of colors and shapes which have no intrinsic connection with the number. These persons get into the habit of thinking of each number in connection with constant fantastic shapes. Galton, in his Inquiries into Human Faculty (Macmillan, 1883, …) has given many examples of this.” 
(30) Lydia and Benjamin (who will soon appear in our story) are Christian names in the Peirce family. 

(31) Peirce gives a lot of examples of these children's rhymes: “Eeny, Meeny, Mony, Méye, Tusca, Rora, Bonas, Try, Cabell, Broke a well, Wee, Woe, Whack!”; “Peek, a Doorway, Tries, What wore he, Punchy, Switches, Caspar Dory, Ash-pan, navy, Dash them, Gravy, do you knock’em, Down!” and “One o’you, you are a, trickier, Ann, Phil I see, Fol I see, Nicholas John, Queevy, Quavy, Join the navy, Sting all’em strangle’em, Buck!”. Nowadays, American children don't seem to know these rhymes, although they use a version slightly modified of the first presented in this note.

(32) In ancient times, Peirce tells the children, "thousands of years ago before our grandfather's greatgrandfather's great great great grandfather's people had learned to build houses or do anything but fight and hunt and cook a little, only a few man knew to count" (NE1, p.6-7). And when these people wanted a jury of twelve man and they had more than this to choose from, they count to thirteen and send away the thirteenth man and they would go on in this way until there was no longer a thirteenth man. In a letter to W.W. Newell, Peirce abductively conjectures: "I have a beautiful theory. All it needs is some facts to support it, of which at present it is almost entirely destitute /…/ It is that in ancient times and the ages long gone by, men preferred a jury of 12 /…/ and used to count up to the 13 to through out extra candidates /…/. Now the only facts to support this that I have so far are, 1st, that the number 13 is widely associated with the idea of severance; 2nd, that our childhood's counting rhymes (as well as I remember) counted up to 13" (NE1, p.7).

(33) Obviously Peirce's concern about tradition is not accidental or fortuitous. He defines it:  “Do you know what a tradition is? It is anything that older people have commonly taught to younger people for how long nobody knows”. 
(34) Lydia says: "Benjie, show me your right hand. Barbara, show me your right hand. Good, you both know which your right hand is. If you had not known, that would have been the first thing to learn. Now each of you hold out the right hand with the palm up. That is the palm. Now put the tip of the little finger of the left hand down upon the palm of the right hand and say, 'One'. Good! Now put the tip of the next finger of the left hand down upon the right palm along with the little finger, and say, 'Two'. /…/ Do it, now, again! Now again! That is your first lesson. Do it many times today and tomorrow; and when you have learned this well, we will go on to the other numbers."
(35) Peirce shows particular examples to start the discussion about a concept or algorithm. In modern notation, using the function f(x)=[x] (where [x]=x if x(Z and [x] is equal the integer part of x if x(Z); we could display it by saying that the quarter square of n, n(Z, is [n/2]. (n - [n/2]). Thus, the quarter square of 9 is 4.5=20; of 17 is 8.9=72, of  6 is 3.3=9, and so on.

(36) "/…/ you must remember  that such devices are merely [to] aid you in learning the multiplication table and to enliven the task a little, not to serve instead of a knowledge of the multiplication table. That must be learned so that you can recognize a letter of the alphabet no quicker than you remember the product of two numbers less than 10."
(37) The quarter square algorithm also works well for numbers bigger than 10, but in such cases, we must develop calculations ("long multiplication"). Thus Peirce's care in discussing this special theme in a different item of his writings seems natural.

(38)
365

127

         3 

("Multiply each figure of the multiplicand by every figure of the multiplier and set down the product so that its unit place shall be the number of places to the left of the units place of the factors which is the sum of the numbers of places by which the two figures multiplied are to the left of the units' place. Thus, 1 times 3 is 3,; the 1 is 2 places to the left of the units' place, the 3 is 2 places to the left of the units. 2 and 2 make 4. So we set down the 3, the product, 4 places to the left of the units /…/").

(39) With respect to the "position" of the solution: " 'How much is 6 times 7?' '42' 'And how much is 6 times 70?' '420' 'And how much is 60 times 70?' 'Ten times as much, 4200' 'Well, that makes the whole thing clear does it not?' 'I must think over that', said Benjie."
With respect to the need to sum the products to get the answer: "'Why, you see 2 times 7 and 3 more times 7 make, in all, 5 times 7, don't they?' 'Yes' 'So, 7 times 2 and 7 times 3 make 7 times 5, don't they?' 'Yes' /É/ 'And 100 times 300 and 100 times 65 make 100 times 365. And 27 times 300 and 27 times 65 make 27 times 365. So: 

100 times 300

and
100 times 65

and
  27 times 300

and
 27 times 65      make 127 times 365."   The process is quite analogous to that recommended nowadays for the application of distributiveness. This property is certainly the essence of the algorithm.  

(40) "Now begin at the right, and say 7 times 5 make 35. Set down the 5 in the units place and carry the 3 for the tens place /…/" 
(41) "But the second way [the algorithm with the carried numbers formally written down] is the best way; because this third way is too hard. You are apt to make mistakes. But if there are only two figures, it is a good way."
(42) In the manuscript 1893, Peirce analyzes the treatment given to addition and subtraction in some didactic texts.  He states: "Teach one thing at a time, is that the most of them forget. But slight preparatory hints of what is coming without special teaching is permissible and recommendable".  Following that is a list of the "terminology" he would use to teach these operations.  Manuscript 1546 is "the" reference, because of its excellence, on the consultancies and analyses done by Peirce.  In it is a list of 44 texts (“Arithmetics now, or late, used in American Schools”) followed by another list of the works consulted to elaborate his opus, the majority classical European texts, mostly on Mathematics and the History of Mathematics from the fifteenth and sixteenth centuries.

(43) "There is nothing more instructive for children in many ways than cards bearing the successive numbers from 1 to 100. Each number should be expressed in Arabic figures, below; and above should be that number of red spots. These dots may be arranged so as to show the factors of the number, or if it is a prime to show that it is one more or less than a multiple of six. For if the arrangement should be remembered, which is not to be desired, it will, at least, recall a fact of value."
(44) On the abacus ("a frame with seven parallel wires, and nine beads in each wire. All the beads on one wire are the same color") counting is done in groups of ten.  Thus, the children initially have the numbers in groups of ten. In this way, 221 is Two ten tens two ten one; 116 is Ten tens ten six; 211 is Two ten tens ten one, etc.  The advice for the sequence for the activity with the abacus (which is an implicit discussion about the need to take care with the language) is in the following quote: "The counting of the marbles is to practised until the pupils thoroughly understand it, and are perfectly familiar with the numbers. Teacher (holding up a glove): Is this a shoe? All: No; Teacher: No: it is not because it is not meant to walk in. What is it? All: A glove. Teacher: Yes. It is meant to wear on the hands. It is called a glove. It is a thing to meant to wear on the hands, with a place for each finger. Glove is its name. It is much more convenient to say give me a pair of gloves, than to say give me a pair of things to wear on my hands with a place for each finger. /…/ Some of the numbers have easy names. Two tens is twenty. /…/ Ten ten tens is a thousand. Let us count by bags of ten. /…/ Let us count by bags of ten tens /…/".

(45) In the text on arithmetics, cards with the Hindu-Arabic Numerals on one side and nothing on the other are used for the relation between quantities (presented in sets of points, drawings, and marks) and their graphic representation in the Arabic system: “There can be little harm in the association with number of the Arabic figure, or figures, which express it. /É/ for several reasons it will be best to encourage the association with a number of the Arabic expression of it.” (MS. 179) The frequent utilization of graphic representations and various drawings lead some specialists to see in this a desire of Peirce to stimulate the students to move closer to a topological way of thinking, given the importance that the author attributes to topology in his Geometry.  Nonetheless, nothing in our reading of the manuscripts leads us to agree with this speculation.

(46) At the beginning of manuscript 189 (first version), the advice: "(The children are not supposed to be able as yet to read. Nevertheless, they will need copies of this book, as will appear, soon. The first lessons are to be read to them by the teacher, who must be provided with a separate copy of the book.)" 

(47) In the general plan for his Primary Arithmetic, manuscript 180, Peirce points out: "I. The first ten numbers and their succession to be taught. (The Arabic figures to be shown but not insisted on.) Their use in counting. Exercises in counting objects in the room, with use of the 'Number Cards'. Counting various figures. II. Higher numeration, with Arabic figures. False names to be used first, with a view of keeping regularities of language in the background till the Arabic system is understood. Then the usual names to be introduced. III Exercises in counting considerable numbers, up to a thousand with rapidity and accuracy. IV. Counting by tens. V. Counting by fives. VI. Counting by twos. VII. Counting by nines. VIII. Counting by eights. IX. Counting by fours. X. Counting by sixes. XI. Counting by three.  XII. Counting by sevens.  In all these lessons the number-cards are to be used at first. Afterwards, coffee beans. The drill is to be carried so far that given any number under ten, the pupil immediately proceeds from that with perfect fluency, adding successive 1s, 2s, 3s, 4s, 5s, 6s, 7s, 8s, 9s, 10s, etc. to 101. This drill is the foundation of all facility in arithmetic. Competition and prizes. XIII. Sums in addition of two numbers done in the head, and expressed concretely. XIV Adding columns. These are gradually lengthened until fifty figures. Minute attention to all the details of the methods. XV. Simple subtraction. XVI. Subtraction taught with the abacus. XVII. Multiplication."
(48) From this passage, Benjamin Peirce's profound influence on his son can be deduced.  It is in these considerations about the nature of mathematics that Peirce bases his theory about forms of reasoning, re-visiting the Greeks, developing the concepts of induction, deduction, and abduction: "To discover that we know through the combination of three fundamental forms of inference is to take a necessary but not fully sufficient step toward the development of a scientific method. The three kinds of argument have been known and explained since the times of the Greeks. /…/ above all, I stress the importance of the function of abduction, of hypothesis. By emphasizing against the Cartesian tradition, that all our knowledge has a hypothetical basis, on the other hand I highlight its intrinsic fallibility but on the other I proclaim the need resolutely to put abduction in the control room of cognitive process in general and above all in the scientific process, for its only by means of hypotheses new and bolder abductions, that we can discover new truth, however approximate and provisional; its only by means of new hypotheses that we can widen our vision of the real and discover new avenues of experience, propose new material for the test bench of experimentation" (quoted in ECO and SEBEOK, 1983)

(49) Approaches and terminology can cause confusion, such as in the case of the so-called Peircean phenomonology, mistakenly interpreted as a proximity of Peirce to Husserl's phenomonology (consult Ransdell, 1989, for more information on this).  Some liberties are also taken on the link between pragmatisim and Peirce's sign theory.  According to Cooper, (1967), "Peirce's sign theory is not strictly necessary to his pragmatism, which can be taken as a logical role related to the conceptions of inquiry and inference. But much of the richness of Peirce's thought, his creative and largely independent construction of pragmatism as a general philosophic frame, would thereby be lost as would some of the relation to Dewey's later sign theory" (p. 12). We reiterate that, in our study, we only raise the possibility of constituting rigorous philosophy thought about education and mathematics education based on Peirce's work.

References

Bacon, F. (1952). Advancement of Learning. Novum Organum. Chicago: New Atlantis/Enciclopedia Britannica.

Baldino, R.R. (1991). A interdisciplinaridade da Educação Matemática. Didática. 26/27, 129-141)

Cassidy, M.F. (1982). Toward Integration: Education, Instructional Technology, and Semiotics. Educational Communication and Technology: a journal of theory, research and development. 30(2), 75-89.

Cobb, P., Yackel, E. & Wood, T.. (1992). A constructivist alternative to the representational view of mind. Journal of Research in Mathematics Education, 23, 2-33.

Confrey, J. (1995). A Theory of Intellectual Development. For the Learning of Mathematics, 15(1). 38-48.

Cooper, T. L.(1967). The concepts of knowledge of Peirce and Dewey - The relation to education. Stanford University, CA (unpublished paper. ERIC# ED010852)

Cunningham, D.J. (1998). Cognition as semiosis: the role of inference. Theory and Psychology, 8, 827-840.

D'Ambrosio, U. (1999). Educação para uma sociedade em transição. Campinas, SP, Brasil: Papirus.

Descartes, R. (1961). Rules for the Direction of the Mind. Indianapolis: Bobbs-Merrill.

Eco, U., Sebeok, T. A (eds.). (1988). Dupin, Holmes, Peirce: The sign of three. Bloomington, IN: Indiana University Press.

Ernest, P. (1991). Philosophy of Mathematics Education. London: Falmer Press.

Garnica, A.V.M. (1996). On the Contribution of the Qualitative Research Based on Phenomenology to the Scientific Practice of Mathematics Education In Malara, N (ed.). An International View on Didactics of Mathematics as a Scientific Discipline. Proceedings of the Working Group 25. International Congress of Mathematics Education (Seville). Modena, Italy: University of Modena. (pp. 52-64).

Garnica, A.V.M. (1996a). Fascination for the Technical, Decline of the Critical: a study on the rigorous proof in the training of mathematics teachers. In Rogers, L. & Gagatsis, A. Didactics and History of Mathematics. Thessaloniki, Greece/London, England: British Council of Thessaloniki. (pp. 161-182)

Grattan-Guiness, I. (1997). Vida en comun, vidas separadas. Sobre las interaciones entre matematicas y logicas desde la revolución francesa hasta la primera guerra mundial. Theoria Segunda Época. Espanha, 12/1, 13-37.

Hanna, G. (1994). Some remarks on the expositions about the "mathematical argument" presented to the working group "Rigorous Proof". Paper presented in the Annual Meeting of the American Educational research Association, New Orleans, 1994. (mimeographed copy).

Jaramillo, J. Do learners Restructure or Recreate a Second Language in the Content Area of Mathematics? Phoenix College, Washington. (unpublished draft. ERIC# ED399165)

Josephson, J. R. & Josephson, S. G. (eds). (1996). Abductive Inference: Computation, Philosophy, Technology. Cambridge, MA: Cambridge University Press.

Kline, M. (1970). Logic Versus Pedagogy. American Mathematical Monthly, 77(3), 264-282.

Lakatos, I. (1976). Proofs and Refutations: the logic of mathematical discovery. Cambridge, NY: Cambridge University Press.

MacGregor, M. & Price, E. (1999). An Exploration of Language Proficiency and Algebra Learning. Journal for Research in Mathematics Education. 30(4), 449-467.

McCarthy, J.M. (1971). Was Peirce an 'Educational' Philosopher? Paper presented at the annual meeting of the New England Educational Research Organization. (ERIC# ED054726)

Moles, A. (1995). As Ciências do Impreciso (portuguese translation of Les Sciences de l'Imprécis). Rio de Janeiro: Civilização Brasileira.

Murphy, J. P. (1990). Pragmatism: from Peirce to Davidson. San Francisco, CA: Westview Press.

Peirce, C. S. (1960-66). The Collected Papers of Charles Sanders Peirce. 8 v. (1-6 edited by C. Harthstorne and P. Weiss; v. 7/8 edited by A. W. Burks). Cambridge, MA: The Belknap Press of Harvard University Press.

Peirce, C.S. (1998). The Essential Peirce: Selected Philosophical Writings. 2 v. Edited by Peirce Edition Project. Bloomington, IN: Indiana University Press.

Peirce, C.S. (1966). Charles Sanders Peirce: selected writings (Values in a Universe of Chance). Edited by P. P. Wiener. New York, NY: Dover Publications.

Peirce, C. S. (1998). The Essential Writings. Edited by E. C. Moore.Amherst, NY: Prometheus Books.

Peirce, C.S. (1976). The New Elements of Mathematics. 4 v. Edited by C. Eisele. The Hague: Mouton Publishers.

Peirce, C.S. (1982- ). Writings of Charles Sanders Peirce: a chronological edition. Edited by M. Fisch, E. C. Moore, C.J.W Kloesel, and Nathan Houser. Bloomington, IN: Indiana University Press.

Peirce, C.S. (1998). Chance, Love, and Logic: Philosophical Essays. Edited by M.R.Cohen. Lincoln: University of Nebraska Press.

Peirce, C.S. (1955). Philosophical Writings of Peirce. Edited by J. Buchler. New York, NY: Dover.

Pessanha, J.A. da M. (1993). Filosofia e Modernidade: racionalidade, imaginação e ética. Cadernos ANPED, 04.

Prawat, R. S. (1999). Dewey, Peirce, and the Learning Paradox. American Educational Research Journal. 36(1), 47-76.

Presmeg, N. C. (1997). A Semiotic Framework for Linking Cultural Practice and Classroom Mathematics. Paper presented at the annual meeting of the North American chapter of the International Group for the Psychology of Mathematics Education, Bloomington/Normal, IL. 

Presmeg, N. C. (1998). A Semiotic analysis of Students' Own Cultural Mathematics. Paper presented at the annual meeting of the international group for the Psychology of Mathematics Education, Stellenbosch, South Africa.

Ransdell, J. (1989). Peirce est-il un phénoménologique? Ètudes Phénomenologiques, 9-10, 51-75.

Shank, G. & Cunningham, D.J. (1996). Modeling six modes of Peircean abduction for educational purposes. Paper presented at the annual meeting of the Midwest AI and Cognitive Science Conference, Bloomington, IN.

Stage, F.K. (1991). Semiotics in the College Mathematics Classroom. Paper presented at the annual meeting of the American Educational Research Association, Chicago, IL.

Stanage, S.M. (1994). Charles Sanders Peirce's Pragmaticism and Praxis of Adult Learning Theory: signs, interpretation, and learning how to learn in the post-modern age. Thresholds in Education. 20 (2-3), 10-17.

Steiner, G. (1970). Language and Silence: essays on language, literature and the inhuman. New York: Atheneum.

Strom, D, Kemeny, V., Lehrer, R. & Forman, E. (1999). Tracing the Semiotics of a Mathematical Argument. University of Wisconsin-Madison/University of Pittsburgh. (Draft).

Tate, W.F. & D'Ambrosio, B.(1997). Equity, Mathematics and Reform (Guest Editorial) Journal for Research in Mathematics Education (Special Issue).

PAGE  

